The Santaio-regions of a convex bodyS 

Mathieu Meyer and Elisabeth Werneii 



Abstract 

Motivated by the Blaschke-Santalo inequality, we define for a convex 
body K in R n and for t £ R the Santalo-regions S(K,t) of K. We investigate 
properties of these sets and relate them to a concept of Affine Differential 
Geometry, the affine surface area of K. 



Let K be a convex body in R n . For x € int(K), the interior of K, let K x 
be the polar body of K with respect to x. It is well known that there exists a 
unique x e int(K) such that the product of the volumes |if | lif^ 1 is minimal 
(see for instance [Sch]). This unique xo is called the Santalo-point of K. 

Moreover the Blaschke-Santalo inequality says that |iiT| li^T 350 1 < v\ (where 
v n denotes the volume of the n-dimensional Euclidean unit ball B(0, 1)) with 
equality if and only if K is an ellipsoid. 

For t € R wc consider here the sets 

\K\\K X \ 

S(K,t) = {x e K : 1 1 <t}. 

K 

Following E. Lutwak, we call S(K,t) a Santalo-region of K. 
Observe that it follows from the Blaschke-Santalo inequality that the Santalo- 
point xo € S(K, 1) and that S(K, 1) = {xo} if and only if K is an ellipsoid. 
Thus S(K, t) has non-empty interior for some t < 1 if and only if K is not an 
ellipsoid. 



In the first part of this paper we show some properties of S(K, t) and give 
estimates on the "size" of S(K,t). This question was asked by E. Lutwak. 

*the paper was written while both authors stayed at MSRI 
t supported by a grant from the National Science Foundation. 
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In the second part we show how S(K, t) is related to the affine surface area 



The affine surface area as(K) is originally a notion of Differential Geometry. 
For a convex body K in R n with sufficiently smooth boundary dK it is defined 



where k(x) is the Gaussian curvature in x € dK and \i is the surface measure 
on dK. The affine surface area is invariant under affine transformations with 
determinant 1. It arises naturally in questions concerning the approximation of 
convex bodies by polytopes (see [G]) and in a priori estimates of PDE's ([Lu-O]). 

It has been one of the aims of Convexity Theory to extend the notions of 
Differential Geometry and for instance of affine surface area to arbitrary convex 
bodies without any smoothness assumptions on the boundary. 

Within the last few years four different extensions have been given (due to 
Leichtweiss [LI], Lutwak [Lu], Schutt- Werner [S-W] and Werner[W]) and it was 
shown that they all coincide ([SI], [D-H]). 

We give here another such extension arising again from a completely different 
context. It will also follow that this new extension coincides with the others. 

The authors wish to thank MSRI for the hospitality and the organizers of 
the special semester in Convex Geometry and Geometric Functional Analysis 
at MSRI for inviting them. It was during the stay there that the paper was 
written. 



Unless stated otherwise we will always assume that a convex body K in R n 
has its Santalo-point at the origin. Then is the center of mass of the polar 
body K° which may be written as 



By \K\ we denote the n-dimensional volume of K. Kk is the support function 
of K. If K is centrally symmetric, is the norm on R n that has K as its 

unit ball. By ||.|| we denote the standard Euclidean norm onfl", < , > is the 
usual inner product on R n . B(a,r) is the n-dimensional Euclidean ball with 
radius r centered at a. For x e K, K x = (K — x)° = {y € R n .< y, z — x >< 
1 for all z e K} is the polar body of K with respect to x; K° denotes the polar 
body with respect to the Santalo-point. Moreover for u e S n ^ 1 we will denote 
by (fr^iy) or in short by <fr(y) the (n — 1) - dimensional volume of the sections 
of K orthogonal to u, that is 



of K. 



as 





< x,y > dy — for every x G R n . 



<KV) = 4>k(v) = \{ z ^ K ■< z,u>= y}\. 
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I. PROPERTIES OF THE SANTALO-REGIONS 



We start by listing some of the properties of S(K,t). Recall that for 5 > 0, 
S small enough, Kg is said to be a (convex) floating body of K, if it is the 
intersection of all halfspaces whose defining hypcrplanes cut off a set of volume 



S of K ([S-W]). More precisely, for iieS"" 1 and for < S let a} 1 be defined by 



Then K s = n ueSn -i{x £ K :< x,u >< a} 1 }. 

In the following proposition we consider only those t £ R for which 



Proposition 1 

Let K be a convex body in R n . Then 

(i) S(K,t) is strictly convex for all t. 

(ii) S(A(K),t) = A(S(K,t)) for all regular affine transformations A, 
for all t. 

(Hi) The boundary of S(K,t) is C°° for all t. 

(iv) t i — ► S(K,t) is increasing and concave, that is for all t, s and for all 
a e R, < a < 1, 



Proof 

We frequently use the following well known formula. For all x € int(if) 



| {a; £ K :< x,u >> a^}\ = S. 



S{K, at+(l- a)s) D aS(K, t) + (1 - a)S{K, s). 





(1) 



where a is the spherical Lebesgue measure. 

Indeed, \K X \ = — J S n-i ,; dCT f"l n , where hx is the support function of K centered 
at x. Now observe that hK{u) = hK(u)— < u,x >; thus (1) follows. 



(i) Observe that for all u £ 



S*™- 1 the function 



1 



x i — ► 



(}ik(u)— < x, u >) 



n 
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is convex on int(K). (1) then implies that 

1 f da(u) 



x^ \K X \ = 



n J g„-i (h K (u)— <u,x >)" 
is convex. In fact the function 

x^\K x \ = - [ da(u) 

n Jgn-i {h K {u)- <u,x >) n 

is strictly convex, as for x, y £ mt(K ), x ^ y, 

a({u £ 5 rl_1 :< u,x >=< u,y >}) = 0. 
Therefore (i) follows. 

(ii) Let A be a one-to-one afhne transformation. We can write A = L + a, 
where L is a one-to-one linear transformation and a is a vector in R n . Then 

(A(K))y = {x £ R n :< x,Az-y><l for all z £ K} 

= {xeR n :< L*x, z - A~ x y >< 1 for all z £ K } 



Hence 



\K\\K A ~ 1( - y M 
= {y £ AK : l - < t} 

V 

= A(S(K,t)). 



(hi) Let K, n and t be fixed. By (1), dS(K,t) = {x £ K : F(x) = ^}, 
where F(x) = f ar ,_ 1 n — ? — -r— . F is continuous on int(K) with continuous 

V / J S n 1 (flK (u) — <u,x>) n V I 

partial derivatives of all orders, has a unique minimum at the Santalo-point 
xo and is convex (see (i)). Therefore (iii) follows from the implicit function 
theorem. 

(iv) is obvious from the proof of (i). 

(v) Let S £ (0, i), let H be a hyperplane that has non-empty intersection 
with K and is such that 

\Kr\H+\ = S\K\, 
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where H + is one of the two halfspaces determined by H. By definition the convex 
floating body K$\k\ is the intersection of all the halfspaces H~ determined by 
all such hyperplanes H. 

On the other hand by [Me-P] there exists x € H D int(K) such that 

\K\\K X \ 1 
vl "45(1 -6)- 

This means that x G S(K, jmzzgx )- Consequently 



Remark 2 

(i) Proposition l,(iv) says that Kg^\ C S(K, 4S (\_ S )- We will show (see 
Propositon 14 ) that in the case of a convex body with sufficiently smooth 
boundary and positive Gaussian curvature everywhere a converse inclusion holds 
for 5 "small". 

(ii) Note also that for K = 5(0, 1), 

(5(0, 1))^~^(0,1),^^), 
for 5 sufficiently small. More precisely, for S < 

\/e(n-\-l)v n n 2 



S(5(0, 1), J"' 1 ) C (5(0, l)) Sl)B C 5(5(0, 1), MTI^zI). 

This follows from the forthcoming Corollary 5 and from the fact that the 
volume of a cap of the Euclidean unit ball of height A can be estimated from 
above by ^(2A) n i 1 and from below by ^(2A) B i 1 (l - f )^. 

For 5 "close" to \, 

(5(0, l)) Jr) „~ 5(5(0, 1), — L— ). 
More precisely, let e < and | > <5 > | — £ ■ Then 

(5(0, 1)),„ B C 5(5(0, 1), T777~ 77 ) C i^-" 1 (5(0, l)) 4on . 

4o(l — d) Vn + 1 f n 



The following lemmas will enable us to compute |(5(0, l)) x |. They are also 
needed for Part II. 
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Lemma 3 

Let x e int(K) . Then 



\K X \ 



dy 

,,o (1- <x,y >)-+ 1- 



Proof 

By (l) 

1 f da(u) 



\K X \ = 

n 



S" 



(h K {u)ni-<^ x >Y 



hjr(«) r™ 1 , , . . f dy 

ard<j(u) 



ij (Ka;,ra>)"+ 1 J K o (1- < x,y >) 



Remark 

We will use Lemma 3 mostly in the following form: 

let u e S 1 " -1 and A e i? such that i = A«£ int(if). Then Lemma 3 says that 
where = G LT° :< >= 



Lemma 4 

(%) Let < a < 1. Tften 



1 (l-x 2 )^dx 2"(r(^)) 2 



! (l-aar)^ 1 (l-a 2 )^n! 
(nj For a e (0, 1) Ze£ 

Z" 1 (1 — x 2 ) R i 1 dx 0^(1 — a) ^n!. 

Then 

1(a) < 1 and lim /(a) = 1. 

a— >1 

fin,) Let a, 6 > 0, n e iV and Xa < 1. T/ien 



/ 



b (l-Ay)" +1 y na n - x {\ - Aa)(l + A6) n ' 
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Proof 

(i) We put x = 1 t~™ . This gives (i). 

i + l + o U 

(ii) Put x = 1 - to ±=2. Then 



1(a) 



I 



2T-(r(=±i)) 2 Jo (i + w 



in+l 



The upper estimate for (ii) follows immediately from this last expression. 
And by the Monotone Convergence Theorem this last expression tends to 



_n\ r 

WW Jo 



w 2 dw 

(r(^)) 2 7 (i + ^)" +r 



which is equal to 1. 
(iii) Note that 



(l-Ay)«+i " „(A-I)(l-Ai/)"" 



This immediately implies (iii). 



Corollary 5 

Let B(0, r) be the n- dimensional Euclidean ball with radius r centered at 0. 
For u e S"™- 1 let x = \u, < A < r. Then 

\(B(0,r)r\= Vn 

Proof 

The proof follows from (2) and Lemma 4 (i). 

Next we estimate the "size" of S(K, t) in terms of ellipsoids. Recall that for 
a convex body K the Binct ellipsoid E(K) is defined by (see[Mi-P]) 

IMI^i?) = j^j J < x , u > 2 dx, for all u e R n . 
We first treat the case when K is a symmetric convex body. 
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Theorem 6 

Let K be a symmetric convex body in R n . For all t G R 



where 



and 



d n (t) E(K°) C S(K,t) C c n (t) E(K°), 



1 , \K\\K°\,i 



Remarks 

(i) Especially for any ellipsoid £7, 1) = {0}. 

(ii) If t - then S(Jf, t) - {0}. 

(iii) The second expression in c„ (i) gives a better estimate from above than 
the first iff ^— ■ is of a smaller order of magnitude than (nlogra) -1 . 

(iv) Recall that for two isomorphic Banach spaces E and F the Banach-Mazur 
distance d(E, F) is defined by 

d{E 1 F) — inf{||T||||T _1 || : T is an isomorphism from E onto F}. 

For symmetric convex bodies K, L in R n denote by 

d(K,L) = d((R n ,\\.\\ K ),(R n ,\\-\\L)). 

Then it follows from Theorem 6 that 

diS{K t t),E{K°))< 

Thus for p e R, p > 1, 

d({x e K : \K*\ < p\K°\}, E(K )) < (6p)*, 

independent of if and n. It follows that for fixed p, {x; \K X \ < p\K°\} is almost 
an ellipsoid. 
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Proof of Theorem 6 

Let u e S™- 1 , A e R, < A < T|-4i— and x = Am. 
By (2) and symmetry 

r\H\K 



r\m\K i i 

KXl = i ^((i-^ + oTa^tt^ 



where <ft = 4>\o ■ For fixed A > put 

1 1 



fx(y) 



(l-Xy)^ 1 (l + Ay)'^ 1 ' 
Observe that f\ is increasing in y, if y > 0. Put 

nS~<j>{y)dy n\K°\ 

m 20(o) • 

Now we distinguish two cases. 
1. Xa < 1. 

Then we claim that for all functions r/> : — > i?d such that t/j™- 1 is continuous 
on its support and continuous from the right at 0, decreasing and concave on 
its support and such that 

(i) m = m 

(ii) il>{y)dy = 4>{y)dy = 
holds true, J °° "4>{y)f\(y)dy is maximal if ip is of the form 



0( O )(l - ifye[0,o] 
otherwise. 



Indeed, let tp be a function with above properties and with support on [0,a]. 
Put 

pa pa 

H(t) = / ^{y)dy- / Mv)dy- 

Jt Jt 

Note that a < a, i?(0) = = if (a) and that the derivative of H with respect to 
t is first negative, then positive; therefore H{t) < 0. 
Consequently (with g x {y) = f\{y) - 2) 

poo poo py poo poo 

/ i>(y)g x (y)dy = i/>(y)( / g' x (t)dt)dy = g' x (t)( ^{y)dy)dt 
Jo Jy=n Jt=o Jt=o Jt 

pOO pOO POO 

/ 9x(t)( / i>o(y)dy) dt= ipo(y)gx(y)dy. 
Jo Jt Jo 



< 

From this the above claim follows. 
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H6I1C6 

pa (l _ V\n-1 M _ V\n-1 

\K°\ 



1-A 2 a 2 ' 



Here we have used Lemma 4 (iii). 
For x = Xu e dS(K,t), 

1 = \ M\ S (K,t) = M\u\\ S (K,t) 

and 

,\K\\in 

2 

Therefore 

t< \K\\K»\ 



A 2 a 2 ) 
and hence by (3) 

Now ( [B] respectively [He]; see also [Mi-P]) 

and thus 
2. Aa > 1. 

Again let x = Xu e dS(K,t). By definition of a, (3) and (5) 

IMIs(A-,t) < V3 n||u|| £ ( K o). 

This implies that 

S(K,t)D^—E(K°), 
V3 n 

which proves the inclusion from below also in this case. 
On the other hand by (1) and symmetry 



\K x \ = —[ ( + ) 

1 1 2nJ sn - 1 \\\v\\ K «-<v,x>r 1 ' 



1 

\v\\ K o + < V,X >)"' 
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> 

- 2n 



1 f / , x / < x > v > \2\ da(v) 

'nJsn-i \\v\\k° \Mko 

/ | < z,y > | 2 <fy 



= , p. (n + l)(n + 2) 
11 2 

= l^l + (n + 1) 2 (n + 2) A 2 I^IIHlVo, 

Then (3) and (4) give 

((n + l)(n + 2))* fa 2 i 

IHIs(^)> ^ ' 2 II U H^°) 



or equivalcntly 



Using (2) and a minimality argument similar to the maximality argument 
of the above claim we get the other upper bound. Namely, for fixed A and for 
all functions : Rq — > Rq such that if)™- 1 is continuous on its support and 
continuous from the right at 0, decreasing and concave on its support and such 
that 

(i) m = m 

\K°\ 



(ii) / ip(y)dy = / <t>{y)dy = 
Jo Jo 



2 

holds true, J °° ip(y)f\(y)dy is minimal if ip is of the form 

\ otherwise, 

where 



20(0) ' 

Note that in this situation Xa < 1 always. 
Consequently 

Then we use again (3), (4) and the fact that ([B] respectively [He]; see also 
[Mi-P]) 



S>^IHI 



E(K°) 
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and get 

S(K,t)cV2(l-( l -^p-)^E(K°). 



Now we consider the non-symmetric case. 

Theorem 7 

Let K be a convex body in R n . Then 

d'Jt) E(K°)CS(K,t)Cc' n (t) E(K°), 

where 

c > (t) = 2 ^ , K a fl „ 

nU ((e-2)(n + l)(n + 2))i V||W 1 K ] 

and 

V3 n w„ 



Proof 

By (2) we get for u e S 1 ™ -1 and x = Xu with < A < h ^ that 
where </> = • 

Notice that AT has its center of gravity at 0, as K has its Santalo-point at 0. 
Therefore 

h K „(u) 

y(t>{y)dy = o. 

h K o{-u) 

Notice also that 

1 = h s{K , t) o{x) = Xh s(K ^o(u). (6) 

Now we apply the following result of Fradclizi [F] to the functions <f>(y) and 
f\(y) = (i-A;y)"+ 1 to S ct tnc same upper estimate for |/C x |as in the proof of 
Theorem 6. Therefore d' n (t) = d n (t). 



\K X \ = / -. ™\ n+1 dy, 
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Theorem ([F]) 

i 

Let ip : R — > R, ip > 0, such that ip^-i j s continuous and concave on its 
support and such that yip(y)dy = 0. Let / : R — > R be any convex function. 

" f~ 4>(y)dy 

Then if a = , one has 

/oo />a I I 

mf{y)dy < m / (i - lJil r^.f(y)dy. 
-oo J-o a 



For the right-hand side inclusion write 

\k x \= Tz ; y [ TT <iy+ / 7 ; ta *v 

> 

/ 0(y)(l+(n+l)Aj/)^+ / <t>(y)(l+(n+l)\y+ [ + >A + \ 2 y 2 )dy 

J-h wQ (-u) JO Z 



= \K°\ + 



(n + l)(n + 2) x2 f^M 



a 2 / 2/ 2 <Xy)*/, 

Jo 



2 

where for the last equality we have used the fact that the center of gravity 
is at 0. 

Let a be such that 



/ y<f>(y)dy = 0(0)— — — - = / yi> (y)dy, 
Jo n{n + l) J_ a 



where My) = + f ) n_1 - 

Now one shows as in the beginning of the proof of Theorem 6 that for 
all functions ip : Rq — > Rq such that f^™^ 1 is continuous on its support and 
continuous from the right at 0, concave on its support and such that 

(i) m = m 

(ii) / yi>{y)dy= I y<p(y)dy 
Jo Jo 

holds true, f °° y 2 ip(y)dy is minimal if ip is of the form 

My) -I WW*"- 1 ifye[0 ^ ] 

\ otherwise 

and that for all functions ip : Rq — > iig such that i/j^ 1 is continuous on its 
support and continuous from the left at 0, concave on its support and such that 

(i) V(O) = 0(O) 



13 



/O /-0 
yiP(y)dy= / y<j){y)dy 
-OO ./ —CO 

holds true, y 2 ip(y)dy is maximal if if) is of the form 
W2/J ~ \ otherwise. 



Therefore 



and 

r-o 



Thus we get 



y^{y)dy< /V*>(g)<fr = + ^ + a'flO). 



nh K o(u) e — 2 f° 

/ y 2 <P{y)dy > — r— / y 2 4>(y)dy, 

JO z J-h K o(-u) 

and therefore 

rh K o{u) e — 2 f h Ko( u ) 

/ y 2 4>{y)dy > — — / y 2 4>{y)dy. 

JO 4 J-h K o(-u) 

It follows that 

1^1 > l^ld + (n + 1)( ^ 2)(e ' 2) A 2 HW 

which implies, using (6), 

2V2 , to? |^| |^0 



Next we give estimates on the "size" of 5 (if , i) in terms of the body K. 
We also need the following Lemma. 

Lemma 8 (see for instance [S2]) 

Lei K be a convex body in R n such that the center of gravity of K is at 0. 
Then 

I l rh.K(v) ^ 

_<_ y o mdv <,_.. 
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Theorem 9 

Let K be a convex body in R n . Then 

(ii) If in addition K is symmetric, then 

(l-(l^)i) KC Si K, t) C(l-H?)» K. 



Proof 

Let u e S" -1 , A e R,0 < A < 1, be given and let x = , A , Then K 

contains aif + i for all a, < a < 1 — A and consequently K x C ^if °; therefore 
we have for a; € dS(K, t) 

t= \K\\K*\ ^ \K\\K°\ 

and hence 

Thus we have for all A with A < 1 - ( lJ ^^-)^ that 

/l K o (u) 

This proves the left-hand side inclusion. 

For the right-hand side inclusion we first treat the symmetric case. 
Let x — Au, u G S™- 1 , < A < || 

^ jC ^ as m ^ ne P ro °f °f Theorem 6. 

By (2) and symmetry 

r\\u\\ K 



r\m\K 

k x \= <t>(y)fx(y)dy. 

Jo 



Notice that for all functions ip : Rq — > J?q such that t/i^t is continuous on 
its support and continuous at from the right, decreasing and concave on its 
support and such that 

(i) V>0 on [0,||u|| K ), V = on [||u||k,oo) 
Hl"lk /-INk |^0| 



r\m\K r\m\K 
(ii) / i>(y)dy = / <t>iy)dy 
Jo Jo 
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holds true, Jq'"" k tp(y)fx(y)dy is smallest if ip is of the form 

i>(y) -- 



otherwise, 



where 

n\K°\ 



c = 



2|Mk 
Hence 

,|MI* (i-v-)n-i n_v_y 



\K x \>c (- INk + - MlK )dv 



which implies 



1-A 2 || M ||^' 



Next we consider the non-symmetric case. 

rh K o(u) ^ rh K o(-u) 



Fix A and note again that among all functions -0 : Rq — ► such that 
is continuous on its support and continuous from the right at 0, decreasing and 
concave on its support and for which 

ip > on [0, h K o(u)), V = on [Hko (u), oo), 

"h K o(u) ph K o(u) 



I ^{y)dy = / 4>(y)dy 

Jo Jo 



holds true, J^ K °^ , 1 ^'^) n+1 dy is smallest if ip is of the form 



i>{y) 

where 



otherwise, 



nj^ (u) 4>{y)dy 

h K o(u) 

Arguments similar to the ones before together with Lemma 8 then finish the 
proof. 
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II. SANTALO-REGIONS AND AFFINE SURFACE AREA 
Recall that for a convex body K in R n the affinc surface area 

as(K) = / K(x)^+ T d/j,(x), 

JdK 

where k(x) is the (generalized) Gaussian curvature in x e dK and fj, is the 
surface measure on dK. We prove here 

Theorem 10 

Let K be a convex body in R n . Then 

lvmt^oot^{\K\ - \S(K,t)\) = i(^)^r as(K). 

Z V n 

In the proof of Theorem 10 we follow the ideas of [S-W]. We need several 
Lemmas for the proof. We also use the following notations. For x <G dK, N(x) 
is the outer unit normal vector to dK in x. For two points x and y in R n , 
[x, y] = {ax + (1 — a)y : < a < 1} denotes the line segment from x to y. 

The proof of the following Lemma is standard. 
Lemma 11 

Let K and L be two convex bodies in R n such that £ int(L) and L C K. 
Then 

\K\ -\L\ = lf <x, N(x) > (1 - (!M) n )W, 

n JdK \\ x \\ 

where Xl = [0, x] n dL. 

For x e dK denote by r(x) the radius of the biggest Euclidean ball contained 
in K that touches dK at x. More precisely 

r(x) = max{r : x <G B(y, r) C K for some y e K}. 



Remark 

It was shown in [S-W] that 
(i) If B(0, 1) C K, then 



V{x g dK : r(x) > 0} > (1 - p^voln-^dK) 

(ii) 

/ r(x)~ a d[i(x) < oo for all a, < a < 1 
JdK 



17 



We postpone the proof of the next two lemmas which we use for the proof 
of Theorem 10. 

Lemma 12 Suppose is in the interior of K . Then we have for all x with 
r(x) > and for all t such that (S(K,t) has non-empty interior. 



where x t — [0,x] n dS(K,t) and c is a constant independent of x and t. 
Lemma 13 Suppose is in the interior of K . Then 



exists a.e. and is equal to 



where k(x) is the Gaussian curvature in x € dK. 



Proof of Theorem 10 

We may assume that is in the interior of K. By Lemma 11 and with the 
notations of Lemma 12 wc have 



By Lemma 12 and the Remark preceding it, the functions under the integral 
sign are bounded uniformly in t by an L 1 -function and by Lemma 13 they are 
converging pointwise a.e. We apply Lebesgue's convergence theorem. 
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Proof of Lemma 12 

Let x e dK such that r(x) > 0. As ||a; t || = ||x|| — \\x — x t \\, we have 

k <x ' N{x) > { 1 ~ ( W r ) " < W N{x) > llx ~ Xtl (7) 

a) Wc consider first the case where 

\\X — X t \\ < r(x) < -r^-rr,N(x) > . 

\\x\\ 

Let p = \\x t — (x — r(x)N(x))\\. By assumption < p < r(x). Computing p we 
get 

p = (\\x - x t \\ 2 + r(x) 2 - 2r(x)\\x - x t \\ < ^yN(x) >) 1 / 2 . 

Since K contains the Euclidean ball of radius r(x) centered at x — r(x)N(x), 
K Xt is contained in the polar (with respect to x t ) of the Euclidean ball with 
radius r(x). Hence by Corollary 5, 

t _ \K\\K**\ < \K\ 



< Vn r(x)Hl-(^) 2 )^- 
and therefore, using (7), 

1 < x,N(x) > t^(l - (M r) < (W^r^-m, 
n \\x\\ v n 

which proves Lemma 12 in this case. 

b) Now we consider the case where 

\\x-xt\\> r(x) <j^,N(x)>. 

We can suppose that t is big enough so that x t ^ 0. We choose a > such that 
B(0, a) C K C 5(0, and t so big that x t B(0, a). K contains the spherical 
cone C = co[x,H n S(0,a)], where H is the hyperplane through orthogonal 
to the line segment [0,x]. We get 

\ C x t , "n-llMI" 



na"- 1 ||a: t ||(||a:|| - \\x t \ 



Consequently 



t= \K\\K Xt \ < N<»-ilMI" 



nv 2 a n 1 \\xt\\ \\x — Xt\ 
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and hence, using (7), 



Proof of Lemma 13 

As in the proof of Lemma 12, we can choose an a > such that 

5(0, a) C K C B(0,-). 

a 

Therefore 

1> <^,iV(x)> >a 2 . (8) 
Since x and x t are colinear, 

INI = | kill + ||a; - a; t ||, 

and hence 

I <„ ww >(i -(**>•) -i <„^,>( ( .-,.-!^,-) 

> 

for some constant d, if we choose i sufficiently large. We denote by 9 the angle 
between x and TV (a;). Then < -^,N(x) >= cos#. 

By [S-W] r(x) > a.e. and by [L2] the indicatrix of Dupin exists a.e. and 
is an elliptic cylinder or an ellipsoid. 

(i) Case where the indicatrix is an ellipsoid 
This case can be reduced to the case of a sphere by an affine transformation 
with determinant 1 (see for instance [S-W]). Let y/ p(x) be the radius of this 
sphere. Recall that we have to show that 

Bm I < *,*(*) >.* (l- iff)") . ^m^-m. 

We put p(x) = p and we introduce a coordinate system such that x — and 
N(x) = (0, ...0, — 1). Hq is the tangent hyperplanc to dK in x — and 
{H s : s > 0} is the family of hyperplanes parallel to H that have non-empty 
intersection with K and are at distance s from Hq. For s > 0, H+ is the halfs- 
pace generated by H s that contains x = 0. For a e R, let z a = (0, . . . 0, a) and 
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Figure 1: the estimate from below 



B a = B{z ai a) be the Euclidean ball with center z a and radius a. As in [W], for 
e > we can choose so so small that for all s < sq 



For A £ R let G\ = {x :< x, z p+£ — x t >= A} be a hypcrplane orthogonal to the 
line segment [xt, z p + e ], if t is sufficiently large. Let Ao = max{A : G^ n B p+£ C 
Hf C\B p+£ }. Define C to be the cone tangent to B p+£ at G\ g C\B p+£ and choose 
the minimal Ai so that 

K n {x : A << x, z p+£ — x t >< \i} C D = Cfl {x : A << a;, z p+e — X( >< Ai}. 

Then K is contained in the union of the truncated cone D of height h = |Ai — Ao| 
and the cap I = B p+£ :< x, z p+e — x t >< Ao} (see Figure 1). 



and to estimate \K Xt \ we have to compute \(D U L) Xt \. To do so we prove 
the following more general result. 



Let M be the convex body that is the union of a truncated spherical cone 
D with height h and a cap L of a Euclidean ball with radius r such that D 
is "tangent" to L. For a point x in L and on the axis of symmetry of M 
let a= distance (x,D ) , b~ distance (x,dL) and b = rb+ J°| a 6 |^~ 6 ^ (see Figure 2). 
Then, if x is such that r > a + b, 



B P -e n H+ c k n h+ c b p+£ n H+. 



Therefore 



K Xt D (DDL) 



Claim 1 




- 1 
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Figure 2: Claim 1 



1 A 1 A2r(a + b)-(a + bf)h 
n [ b a a + h ){ rb + (o + b)(r - b) ' >' 



Proof of Claim 1 

We introduce a coordinate system such that x=0 and such that the xi-axis 
coincides with the axis of symmetry of M (see Figure 2). 

Notice now that M° is such that each (n-l)-dimensional section orthogonal 
to the xi-axis is an (n-l)-dimensional Euclidean ball with radius l(x\), where 



, _ ({a + h)x 1 + l)(2r(a + b)-(a + b)^ 
[1) (a + h + b )(r-(a + b)) 



1 1 

——r <xi<—, 
a + n bo 



l(x 1 ) = -((l + x 1 (r-b)) 2 -r 2 x 2 1 )K if 1 < x x < \. 
r bo b 



From this Claim 1 follows. 



Now we apply Claim 1 to our situation. Then 

r = p + e and b = p + e — c, 

where 

c 2 = ||x-x t || 2 + ( /9 + e) 2 -2( /9 + e)||x-a ;t ||cos6'. 

2Ul 



a = c - 



p + e - so , 2 I, 1,2 • 
(c — \\x — xt\\ sin 0) 2 



2- 2ml {2{p + e)so-sl)2\\ x -x t \\sme 
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and 

c — a 



Therefore 



(1 - y 2 )f^_ 

)n+l 



1 (p + eWo (1-^ 

Ir— 1 ^"-1 «n-l /"W (1-y 2 )^ 

n l 6 a + ^V* (p + e)" 7 (1 - ^) 



p+e' 



C V \n+l 
p+e> 

where rjj is the radius of the base of the spherical cone in (D U L) Xt . We put 
Then, by Lemma 4 (ii), for e > 



B = Ir— 1 ^"-i Z 1 ^ (i-y 2 )V 



\K Xt \ >— ^fe? — + R, 

2^(p + e)«(^)^(l-^)^ 

provided that 

c 1 

^ > ^¥' 
We choose t so big that this holds. 
Hence 

t= \K\\K Xt \ > 



and by (9) for some constant d 

^<a(«)>(l-(S' 

n \ ||x|| 

> 

2 { V„ yV^ e > ( , \\x-x t \\ 2 o ||x-x t ||COSg q n \\x-x t \\ \ 

" ^ + (p+e) 2 Z p+e J 2 *- 1 2(p+£)COS0J 

M , 2 Ii ^ i ^(/ 3 + e ) n / 1 c v2±l, C n±i _2_ 
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X 



Figure 3: the estimate from above 

as 

x c _ < \\x-x t \\cos9 _ \\x-x t \\ \\xx t \\cos6 

p + e~ p + e 2(p + e)cos6 )( p + e 

for some constant k, if t is big enough. R remains bounded for t 
Note also that cos# remains bounded from below by (8). 

Thus we have a lower bound for the expression in question. 

To get an upper bound we proceed in a similar way. For A G R let now 
G\ = {x :< x, z p - e - i t >= A} be a hyperplane orthogonal to the line segment 
[x t ,z p - s ]. Let A = max{A : G + C\B pE C iJ+ nB p _J. Let P be the point where 
the half-line starting at Xt through z p ~ e intersects dK. 

Let C be the spherical cone C — co[P, B p - £ n G\ }. Let h be the height of 
this cone (see Figure 3). 

Let L = {x£ -Bp- £ :< x, z p _ e — x t >< A }. Then K D C U L, and hence 

K Xt C (CUL) 1 ', 
and to estimate \K Xt \ we have to compute (C U L) Xt . 
To do so we prove the more general 



(P + e) 2 
-> oo. 
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Claim 2 

Let M be the union of a spherical cone C with height h and a cap L of a Euclidean 
ball with radius r such that the base of C coincides with the base of L. For a 
point x in L and on the axis of symmetry of M let a — distance(x, C), (3 = 
distance(x,dL) (see Figure 4)- Then with (3 — r ^ + ^(a+f3)~ l3 ' > an( ^ x c ^ osen 
such that r > a + {3, 



1 f L (1-y 2 ) — 
\M X \ =v n - 1 (— / 1 -. y - ' dy 

J ( r - <3)+/3 V 1 - r I 



na(2r(a + f3) - (a + (3) 2 )^ 08 (a + h) n)) ' 
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Figure 4: Claim 2 



Proof of Claim 2 

We introduce a coordinate system such that x=0 and such that the xi-axis 
coincides with the axis of symmetry of M (see Figure 4) . 

Notice now that M° is such that each (n-l)-dimensional section orthogonal 
to the Xi-axis is an (n-l)-dimensional Euclidean ball with radius l(xi), where 

u \ axi + l 11 

Uxi) = r , if < xi < —, 

(2r{a + /3) - (a + a + h~ ~ fa 

l{x 1 )= l -{(l + x 1 (r-P)?-r*x\)^ if J Q <*i<-p- 
From this Claim 2 follows. 

Now we apply Claim 2 to our situation. There 

r = p-e, /3 = p-e-7, 

where 

7 2 = \\x - x t \\ 2 + (p- ef - 2(p - e)\\x - x t \\cos6. 



a = 7 — 
and 



P - e - s o (-.2 



\x - x t || 2 sin 2 6») 2 - 



(2(p - e)s Q - si) 2 | \x - x t | |sin6> 



A- ^-7. 

7 — a 



2G 



Then we get, similarily as before 



U+1 <x,N(x)> (l-( l|xt 



' w v 11*11 • 

< 

2 l j n+1 lP e i " + 1 n | N-^|| 2 9 Jj£^xtJ|COSg xi n ||x-xt|| N 

™ (p-e) 2 Z p-e J V 1 2(p-e)C0SfM 

r , 2^R(p - e) n 7 ,n±l, 7 ^i+ItJ. 

■{1+ ~ -{I — ^ {^—) 2 }„+! 

t>„ p - e p - e 

with an i? defined accordingly. 

This finishes the proof of Lemma 13 in the case where the indicatrix is an 
ellipsoid. 

(ii) Case where the indicatix of Dupin is an elliptic cylinder 
Recall that then we have to show that 

lim ±<x,N{x)>t& (l-(lpl)A=0. 

t^oon V IMI / 

We can again assume (see [S-W]) that the indicatrix is a spherical cylinder i.e. 
the product of a fc-dimensional plane and a n — k — 1 dimensional Euclidean 
sphere of radius p. Moreover we can assume that p is arbitrarily large (see also 
[S-W]). 

By Lemma 9 of [S-W] we then have for sufficiently small s and some e > 



B„- e r\H+ CKHH+. 



r + C K P w+ 
Using similar methods, this implies the claim. 
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Proposition 14 

Let K be a convex body such that dK is C 3 and has strictly positive Gaussian 
curvature everywhere. Then there is So > such that for all 6 < So 



S{K V l~\ )C%|. 
2(n + l)v„o 



Proof 

As in the proof of Lemma 12, we can choose 1 > a > such that 

5(0, o) C K C B(0,-). 

a 

Therefore we have for all x € dK 

1 > < 7T%,N(x) > > a 2 . 

\m\ 

Let Rq = miii xe gK,i<i<n-iRi(x), where Ri{x) is the i-th principal radius of 
curvature at x € dK. R a > (see [L2]). 

Let 1 > e > be given such that e < min{^, 6na 4 } and such that 

< 1 -'>P-£>^-aS?>"4 

By assumption the indicatrix of Dupin exists for all x € 9i4T and is an ellipsoid. 
For x € dK given, we can assume that, after an affinc transformation, the 
indicatrix at x is a Euclidean sphere. Let \J p{x) be the radius of this Euclidean 
sphere. Note that for all x G dK, 

p(x) > R . (10) 

Then, with the notations used in the proof of Lemma 13, there exists s(x) > 
such that 

B p{x) - e n h+ x) ckh H+ x) c b p(x)+£ n h+ x) . 

Let S\ = mm x& dKs(x). s\ > as dK is C 3 and compact. Let 

s = min{«i,(i2o-e)(l-— Kf)}- (H) 

Let (5o > be so small that for all x € 9if two conditions are satisfied; firstly 
\\x-x So \\<j-^,N(x)> < ^, (12) 

where xg — [0,x] n dK$ Q \ K \, and secondly 

H t B p(x)-e c ff+ n B p(x) _ £ , 
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where H$ is the hyperplane through xg Q that cuts off exactly 5o|i4T| from K. 

Suppose now that the above Proposition is not true. Then there is 5 < S 
and x s E dS(K, 2 (n+i)v t? ) sucn tnat Xs & ^S\k\- Let x E dK be such that 
x s E [0,x]. We also can assume that the indicatrix of Dupin at x is a Euclidean 
ball with radius \J p{x). We choose x s g dK$\ K \ such that xs E [0,x\. Then 

\\x~x s \\ < JL-,N(x) > > \\x-x s \\ < JL,N(x) > . 

\m\ \\x\\ 

By construction 

5\K\ = \KnH+\>\B p{x) _ e nH+\ 
> mm H en\B p ( x )- £ n H + \ = \B p{x) _ £ n H£\, 

where 

H = {H : H is hyperplane through x 5, x E H + }. 

For the height ft of this cap \B p ^_ E n i/^~| of B p ( x )_ £ of minimal volume we 
have 

ft > lb- < j^--,N(x) > (1 - . . r). 

INI 2 < 11%.^) > {pW-ey 

Using (10), (11) and (12) we get 

h>\\x-x s \\ < 77—77 ) N(x) > (1-t^)- 
||x|| bnor 

The volume of a cap of a Euclidean ball with radius r and height h can be 
estimated from below by 

n+l n-1 2+1 
V n -\1 2 r 2 h 2 ft n+l 
> (1 ) 2 . 

n+l V 2r 7 

Therefore 

<5|Jf| > 

^ 2 *,<*)¥ (l|x _ «,„ < ^ ww >,* (1 _ _ _£_)•., 

where we have used again (10), (11), (12) and the fact that < pj , N(x) >> a 2 . 
Thus 

(Hx-^H < ttt v N{x) >)T < I / -— r . (13) 

As, with the notations of Lemma 13 and using (10), (11) and (12) 
c > l Ik- ^11 < pfj'-^W > v 1 



p(x)+e ' p(x)+e ' l + |f ' 



3/7 
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the estimate from below from Lemma 13 for ^ K ^? ■ holds for x = x° and we 
get (see p. 23) 

\K\\K"\ (l-s)\K\p(x)- n (l + 1 ^)- n 



> 



Now notice that 

-rf— <i 

and 

. _c < \V-*s\\ < TRT'-^W > 

P(aj)+e" ^(i + ^y 
Therefore (13) implies that 

]K]]KXs] >(i - g )(i - -i- r-Vi - — )" ^ 

This is a contradiction. 
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